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We study the eﬀect of swelling on the mechanical response of ﬁber reinforced tubes within the context of ﬁnite elastic
deformation. The ﬁbers themselves do not swell, setting up a competition between the matrix, for which swelling tends to
open the tube, and the ﬁbers, for which swelling tends to constrict the tube. Balancing these tendencies in the constitutive
response can lead to an internal channel opening that remains relatively constant over a wide range of swelling. Further,
the hoop stress on the inner wall in such a situation may be compressive, rather than tensile. Both eﬀects may be advan-
tageous in certain settings, including biological organ systems.
 2006 Elsevier Ltd. All rights reserved.
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In this paper we study the eﬀect of swelling on ﬁber reinforced elastic tubes under pressure. A ﬁnite elastic
treatment of swelling in isotropic and otherwise incompressible materials (Tsai et al., 2004; Pence and Tsai,
2005) is augmented so as to incorporate the eﬀect of reinforcing ﬁbers. In this treatment, the swelling ﬁeld
v
 ¼ vðXÞ is regarded as given, and hence speciﬁed with respect to some original reference state. After swelling
the material is regarded as incompressible, hence the deformation gradient F is subject to the constraint
det F ¼ v. The material is conceptualized as an isotropic and absorbent matrix containing non-absorbing
ﬁbers. Individual ﬁbers are not resolved in the treatment, i.e. we do not consider issues related to ﬁber microm-
echanics. Rather, the ﬁber-matrix composite is treated as a homogenized continuum. On this basis the overall
stored energy density is regarded as the sum of two contributions corresponding to matrix and ﬁbers where
only the matrix contribution is dependent on v

. The ﬁber contribution to the stored energy density, which
is taken to be independent of v

, is referred to as the reinforcing energy. Although a variety of reinforcing0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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is dependent only on the diﬀerence between ﬁber stretch in the current conﬁguration and a natural ﬁber length.
There is no requirement that the ﬁbers are at their natural length in the reference state. Indeed, it could be the
case that the ﬁbers are closer to their natural length in the swollen state. In any event, when swelling is present
this gives rise to competing tendencies: a matrix contribution that favors uniform expansion to the volume v

and a reinforcing contribution that favors putting the ﬁbers at their natural length.
These issues are studied in the context of a tubular geometry using polar coordinates R, H, Z in the refer-
ence conﬁguration. Two families of identical ﬁbers are considered, which are taken as helically wound about
the tube axis, one family spiralling clockwise and the other counterclockwise so as to preserve cylindrical sym-
metry. The deformation is induced by a combination of cylindrically symmetric swelling v
 ¼ vðRÞ and pressure
loading P on the inner tube surface as indicated in Fig. 1. At issue for these driving agents is the radially sym-
metric deformation ﬁeld r = r(R) along with the stresses experienced through the tube wall. In this regard the
hoop stress rhh is of particular interest in view of its possible association with tube damage such as that asso-
ciated with either rupture or blockage.
The general constitutive framework, which provides a common means for treating both swelling and ﬁber
reinforcement in the context of hyperelasticity, is presented in the next section. A variety of boundary value
problems could be considered for such a material, here our focus is on that of an internally pressurized tube,
the basic treatment of which is summarized in Section 3. For the case of cylindrical symmetry this leads to a
single Eq. (3.17) whose solution gives the radial location of the inner tube surface for the prevailing conditions
of pressurization and swelling. In Section 4 we analyze solutions to this equation for spatially uniform swelling
and prescribed axial stretch kz under the specialization of a speciﬁc material model. It is shown that the inte-
rior channel may either expand or contract when the internal pressurization is small. This behavior is sensitive
to the relative contributions of the matrix and reinforcing energies within the overall stored energy density.
Speciﬁcally, if the matrix energy dominates then swelling tends to expand the inner radius. Conversely, as indi-
cated in Fig. 2, channel constriction is favored if the ﬁber energy dominates. The competing tendencies of the
matrix to open the inner channel and the ﬁbers to constrict the inner channel provide for the possibility that
the inner channel might sustain a relatively constant opening over a signiﬁcant range of swelling. The stresses
and resultant axial force required to sustain such deformations are then examined. A related case of prescribed
axial load is examined in Section 5 and similar results are obtained. Modiﬁcations to the material model are
contemplated in Section 6. A brief summary and conclusion are provided in Section 7.Fig. 1. The reference conﬁguration of the tube (left) showing two helically wound and symmetrically disposed reinforcing directions, each
making an angle b with the cylinder axis. Radially symmetric swelling v

> 1 and internal pressurization P result in a cylindrically
symmetric deformed conﬁguration (right) described via r = r(R), h = H, z = kzZ where (R, H, Z) and (r, h, z) are polar coordinates in the
reference and deformed conﬁgurations.
Fig. 2. Identical reference conﬁgurations (a) and (d) for two tubes, one in which the matrix energy dominates (top row) and one in which
the ﬁber energy dominates (bottom row). In the absence of internal pressurization (P = 0) at ﬁxed axial stretch kz, radially constant
swelling v

> 1 tends to open the interior channel in the matrix dominated composite (b) but tends to constrict the interior channel in the
ﬁber dominated composite (e). In either case, pressurization then expands the channel, (c and f), beyond that associated with swelling
alone.
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The framework considered here for the treatment of swelling is a straightforward generalization of hyper-
elasticity (Ogden, 1984). Let X be a generic position vector in a reference conﬁguration XX that is regarded as
the state of an unloaded body prior to swelling. The load is described in the standard way in terms of bound-
ary tractions and body forces. Together, swelling and the application of load give rise to an invertible defor-
mation y(X) that maps XX to the conﬁguration Xy. The deformation gradient is F = oy/oX. Both the
compressible theory of hyperelasticity and the incompressible theory of hyperelasticity can be extended so
as to include swelling. We consider only the incompressible case, wherein the appropriate volume constraint
on the deformation is the local swelling conditiondet F ¼ v; ð2:1Þwhere v

gives the natural free volume with respect to the reference conﬁguration XX. For our purposes here,
the ﬁeld v

is regarded as given.
The right and left Cauchy–Green deformation tensors are deﬁned byC ¼ FTF; B ¼ FFT: ð2:2ÞThe principal invariants of C (and B) are deﬁned byI1 ¼ trðCÞ; I2 ¼ I3 trðC1Þ; I3 ¼ detðCÞ ¼ v2: ð2:3Þ
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general bothM and M depend on X, and each represents a family of ﬁbers. Following Holzapfel (2000), deﬁne
the pseudo-invariants I4, I5, I6, I7, I8 and I9 byI4 ¼M  CM; I5 ¼M  C2M;
I6 ¼ M  C M; I7 ¼ M  C2 M;
I8 ¼ ðM  MÞM  C M; I9 ¼ ðM  MÞ2:
ð2:4ÞNote for example that I4 = FM Æ FM is the square of the M ﬁber stretch with a similar interpretation holding
for I6. The stored energy density W can be expressed in the formW ¼ W ðI1; I2; I4; I5; I6; I7; I8; I9; vÞ: ð2:5Þ
The Cauchy stress tensorr ¼ 1
v

oW
oF
FT  pI ð2:6Þis required to satisfy the equilibrium equationdiv r ¼ 0; ð2:7Þ
where I is the identity tensor and p = p(X) is the hydrostatic pressure associated with (2.1).
In order to provide a simple model for an isotropic swellable matrix containing nonswelling ﬁbers we
considerW ¼ UmðI1; vÞ þ UfðI4Þ þ UfðI6Þ: ð2:8Þ
Here Um and Uf are the elastic energy stored in the matrix and the associated ﬁber family. The above notation
is meant to indicate that the same functional form Uf is used for both ﬁber families. This will in turn preserve
certain symmetries that permit the treatment of the tube boundary value problem as given in the next section.
For a more general model that still incorporates separable eﬀects of a swellable matrix with nonswelling ﬁbers,
one could take Um ¼ UmðI1; I2; vÞ and Uf = Uf(I4,I5).
The Cauchy stress tensor under (2.8) isr ¼ pIþ 2
v

oUm
oI1
Bþ 2
v

oUf
oI4
FM FMþ 2
v

oUf
oI6
F M F M: ð2:9ÞA variety of problems have been considered in the isotropic swelling framework meaning that there are no
ﬁbers and which formally corresponds to Uf = 0 (Tsai et al., 2004; Pence and Tsai, 2005).
For ﬁber reinforcing we have in mind a standard notion such that each ﬁber has a natural length that need
not be the actual length in the reference conﬁguration. Instead, a stretch in the ﬁber direction, measured with
respect to the reference conﬁguration, of amount knat is regarded as putting the ﬁber at its natural length. On
this basis it is assumed that Uf: (0,1)! [0,1) obeys UfP 0, Ufðk2natÞ ¼ 0 and U0fðk2natÞ ¼ 0 where prime 0
denotes diﬀerentiation with respect to the argument. Here we present the discussion in terms of the M family
of ﬁbers (with stretch
ﬃﬃﬃﬃ
I4
p
); the same comments apply to the M family of ﬁbers (with stretch
ﬃﬃﬃﬃ
I6
p
). In the con-
ventional theory without swelling, the reinforcing functionUfðI4Þ ¼ 1
2
cðI4  k2natÞ2 ðstandard fiber modelÞ ð2:10Þwith material constants c > 0 and knat = 1 (so as to have natural length ﬁbers in the reference conﬁguration)
has received some attention (Qiu and Pence, 1997; Zidi et al., 1999; Merodio and Pence, 2001; Merodio and
Ogden, 2002). More generally, it could be the case that c = c(X), knat = knat(X).
We now turn to consider the issue of the matrix swelling. If Uiso(I1) is a strain energy density in the con-
ventional isotropic treatment without swelling, then a useful generalization to treat swelling is one that shifts
the energy minimal state to that of uniform expansion F ¼ v1=3I. A generalization of this type that preserves
the qualitative properties of Uiso is given by a function Um that incorporates the following scalings
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with mðvÞ > 0 and m(1) = 1. A standard form for m is given by mðvÞ ¼ vq with constant q > 0. Indeed these
forms with q = 2/3 and the unscaled Uiso(I1) given by the neo-Hookean responseUisoðI1Þ ¼ 1
2
lðI1  3Þ ðneo-HookeanÞ;and l > 0 recovers a swelling model that is equivalent to one discussed by Treloar (Treloar, 1975)UmðI1Þ ¼ 1
2
lðI1  3v2=3Þ ðTreloar modelÞ: ð2:11ÞThus under all these specializations the Cauchy stress (2.9) becomesr ¼ pIþ l
v
 Bþ
2c
v
 ðI4  k2natÞFM FMþ
2c
v
 ðI6  k2natÞF M F M: ð2:12ÞIn the next section we provide a general development based on (2.8), followed in Section 4 by an example that
incorporates the special forms (2.10)–(2.12).
3. The boundary value problem for a tube
We consider a circular cylinder XX = {(R, H, Z): Ri 6 R 6 Ro,0 6 H < 2p, Z1 6 Z 6 Z2}. Let eR, eH, eZ
denote orthonormal unit vectors in this description. The two ﬁber families are taken to be symmetrically
wound around the tube according toM ¼ cos beZ þ sin beH and M ¼ cos beZ  sin beH ð3:1Þ
with 0 < b 6 p/2. In general, the ﬁber orientation is allowed to depend on radius, but not on Z orH, and hence
permits b = b(R). In a similar fashion, the development of this section also allows the functions Um and Uf to
depend explicitly on R, e.g. knat = knat(R) in the event that Uf is given by (2.10).
We consider lateral boundary conditions of the formrrrjR¼Ro ¼ P amb; rrrjR¼Ri ¼ P amb  P ; ð3:2Þ
where Pamb is the ambient external pressure (typically atmospheric) and P > 0 is the internal tube pressuriza-
tion above the ambient. We consider radially symmetric swelling ﬁelds of the form v
 ¼ vðRÞ. There is no loss in
taking Pamb = 0.
Attention is restricted to continuous deformations of the formr ¼ rðRÞ; h ¼ H; z ¼ kzZ; ð3:3Þ
where kz is a positive constant associated with an imposed stretch in the Z direction. More complicated defor-
mations for ﬁber reinforced tubes in the context of hyperelasticity without swelling are considered in Zidi et al.
(1999). The deformation gradient tensor F = oy/oX is given byF ¼ r0er  eR þ rR eh  eH þ kzez  eZ ; ð3:4Þwhere prime 0 denotes diﬀerentiation with respect to R. Here er, eh, ez are unit basis vectors in cylindrical polar
coordinates of the deformed conﬁguration. Thus the unit vectors M and M are mapped intom :¼ FM ¼ kz cos bez þ rR sin beh;
m :¼ F M ¼ kz cos bez  rR sin beh:Let ri := r(Ri) and ro := r(Ro). It follows from (2.1) that1
R
kzrr0 ¼ v; ð3:5Þ
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2
kz
Z R
Ri
v
ðRÞRdR: ð3:6ÞObserve for speciﬁed v
ðRÞ and kz that the mapping between Ri and ri determines the full mapping between R
and r.
It follows thatC ¼ v
2R2
k2z r
2
eR  eR þ r
2
R2
eH  eH þ k2zeZ  eZso that the principal stretches are: kr, kh, kz withkr ¼ v

R
kzr
; kh ¼ rR ; ð3:7ÞandI1 ¼ v
2R2
k2z r
2
þ r
2
R2
þ k2z ; ð3:8Þ
I4 ¼ I6 ¼ k2z cos2 bþ
r2
R2
sin2 b ¼ m m ¼ m  m: ð3:9ÞIntroducingU0m ¼
oUm
oI1
; U0f ¼
dUf
dI4
;the Cauchy stress (2.9) isr ¼ rrrer  er þ rhheh  eh þ rzzez  ez ð3:10Þ
withrrr ¼ p þ 2 v

R2
k2z r
2
U0mðI1; v
Þ;
rhh ¼ p þ 2r
2
v

R2
U0mðI1; v
Þ þ 4r
2
v

R2
U0fðI4Þ sin2 b;
rzz ¼ p þ 2
v
 k
2
zU
0
mðI1; v
Þ þ 4
v
 k
2
zU
0
fðI4Þ cos2 b:
ð3:11ÞRecalling the equations of equilibrium in polar coordinatesorrr
or
þ 1
r
orrh
oh
þ orrz
oz
þ 1
r
ðrrr  rhhÞ ¼ 0; ð3:12Þ
orrh
or
þ 1
r
orhh
oh
þ orhz
oz
þ 2
r
rrh ¼ 0; ð3:13Þ
orrz
or
þ 1
r
orhz
oh
þ orzz
oz
þ 1
r
rrz ¼ 0; ð3:14Þit follows that (3.13), (3.14) are satisﬁed if and only if p is independent of h and z. Since dependence on r is
equivalent to dependence on R it follows that p = p(R) whereupon (3.12) with the aid (3.5) and the chain rule
gives the convenient form for integrationdp
dR
¼ d
dR
ðrrr þ pÞ þ v

R
kzr2
ðrrr  rhhÞ: ð3:15Þ
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
R2
k2z r2
U0mðI1; v
Þ þ
Z R
Ri
2v
2R3
k3z r4
 2
kzR
 !
U0mðI1; v
Þ  4
kzR
U0fðI4Þ sin2 b
 !
dR ð3:16Þwith I1, I4 given by (3.8), (3.9) and r = r(R, ri) given by (3.6). The remaining boundary condition (3.2)1 pro-
vides the relation for the determination of ri, namelyP ¼
Z Ro
Ri
2v
2R3
k3z r
4
 2
kzR
 !
U0mðI1; v
Þ  4
kzR
U0fðI4Þ sin2 b
 !
dR; ð3:17Þwhereupon the full deformation and associated stresses easily follow.4. Uniform swelling at ﬁxed kz for a standard material model
For the rest of this paper we restrict attention to the case of spatially uniform swelling, so that v

is constant,
whereupon (3.6) givesr2 ¼ r2i þ
v

kz
ðR2  R2i Þ: ð4:1ÞIn general I4 varies with R. In particular, the ﬁbers at R in the reference conﬁguration are either elongated or
contracted according to whetherI4 ¼ k2z cos2 bþ
v

kz
sin2 bþ r2i 
v

R2i
kz
 !
sin2 b
R2
ð4:2Þis, respectively, greater than or less than k2nat. Since the expression (4.2) is linear in both v

and r2i it is convenient
to organize the discussion with respect to a parameter space with v

and r2i as the respective horizontal and
vertical coordinates.
Observe that the expression (4.2) for I4 is independent of R on the rayr2i ¼
R2i
kz
v

; ð4:3Þin the ðv; r2i Þ-plane. Since r ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
v

=kz
q
R on this ray, and hence kr ¼ kh ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
v

=kz
q
, it follows that the ray (4.3) is
the special curve in the ðv; r2i Þ-plane corresponding to homogeneous deformation. This case of homogenous
deformation is also the only deformation of the form (3.3) for which I4 is constant (independent of R).
In this section, and also in Section 5, we restrict attention to a material with Um given by the Treloar form
(2.11) and Uf given by (2.10). If both l and c do not vary with R then (3.17) becomesP ¼ lXþ cC; ð4:4Þ
where X ¼ Xðri;Ri;Ro; v; kzÞ is given byXðri;Ri;Ro; v; kzÞ :¼
Z Ro
Ri
v
2R3
kzðkzr2i  v

R2i þ v

R2Þ2
 1
kzR
 !
dR: ð4:5Þand C ¼ Cðri;Ri;Ro; v; kzÞ is given byCðri;Ri;Ro; v; kzÞ :¼  4kz
Z Ro
Ri
sin2 b
R
k2z cos
2 bþ v

kz
sin2 bþ r2i 
v

R2i
kz
 !
sin2 b
R2
 k2nat
 !
dR: ð4:6ÞThe above expressions permit b = b(R) and knat = knat(R). If, in addition, b and knat are constant, then the
expressions for X and C are determined explicitly as
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
2k2z
R2i
r2i
 kzR
2
o
kzr2i þ v
ðR2o  R2i Þ
 !
þ 1
2kz
ln 1þ v
ðR2o  R2i Þ
kzr2i
 !
 1
kz
ln
Ro
Ri
; ð4:7ÞandC ¼  2
kz
ðk2z cos2 bþ ðv

=kzÞ sin2 b k2natÞ sin2 b ln
R2o
R2i
þ 2
kz
r2i 
v

R2i
kz
 !
sin4 b
1
R2o
 1
R2i
 
: ð4:8ÞIt shall be assumed that (4.7), (4.8) hold for the examples of this and the next section. For speciﬁed v

, kz and P,
Eq. (4.4) determines ri. It is to be noted that the specializations v
 ¼ 1 and c = 0 in (4.4), (4.7) retrieve the clas-
sical neo-Hookean problem.
4.1. Deformation response if the matrix acts alone
To understand the response of the ﬁber-matrix tube it is instructive to consider two hypothetical limiting
cases: that of a matrix tube without any ﬁbers, and that of a ﬁber tube without any matrix. We ﬁrst consider
the matrix-only case: c = 0, l > 0, hence (4.4) becomes P/l = X where Xðri;Ri;Ro; v; kzÞ. The case P = 0 then
supports the homogenous deformation r ¼ ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
v

=kz
q
ÞR since ri ¼ ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
v

=kz
q
ÞRi gives X = 0. This homogeneous
deformation solution is the unique solution for P = 0 sinceoX
ori
¼  v
2
k3z r
3
i r4o
r2i ðR4o  R4i Þ þ
v

kz
R2i ðR2o  R2i Þ2
 !
< 0: ð4:9ÞAn additional immediate consequence of (4.9) is that any subsequent internal pressurization, while holding v

and kz ﬁxed, gives a monotonic increase in the deformed radius. In fact this follows from the inﬂation response
of a neo-Hookean cylinder since the Treloar form (2.11) is a simple swelling dependent scaling of the neo-
Hookean energy. It also follows that varying v

at ﬁxed kz and ﬁxed P = 0 sweeps out (4.3) in the ðv; r2i Þ-pa-
rameter plane.
Consideration of nonzero but still ﬁxed P gives rise to a diﬀerent curve of r2i vs. v

. To this end letk ¼ r2i = v

;whereupon the governing equation P/l = X can be written P
l
¼ 1
2k2z
R2i
k
 kzR
2
o
kzk þ ðR2o  R2i Þ
 
þ 1
2kz
ln 1þ ðR
2
o  R2i Þ
kzk
 
 1
kz
ln
Ro
Ri
: ð4:10ÞThe right side of (4.10) is monotone decreasing in k, vanishes at k ¼ R2i =kz, and approaches the limit (1/kz)ln
(Ro/Ri) as k!1. It follows that the matrix-only case can only support pressurization P < (l/kz)ln (Ro/Ri).
Below this threshold each ﬁxed P curve is a ray r2i ¼ k v

passing through ðv; r2i Þ ¼ ð0; 0Þ, the value of k being
the root of (4.10). Note that k ¼ R2i =kz recovers the P = 0 solution associated with homogeneous deformation.
As one might expect, k increases with P. One ﬁnds that k is positive for all P less than the threshold (l/kz)ln
(Ro/Ri). Thus, at ﬁxed P, the inner radius ri increases with v

, giving the intuitive result that in the absence of
ﬁber reinforcement, swelling tends to expand the inner tube radius ri.
4.2. Deformation response if the ﬁbers act alone
Now let us consider the other limiting case of ﬁbers that act alone (c > 0, l = 0). Since the matrix is still
interpreted as holding the ﬁbers in place, more properly this limiting case is one of negligible matrix stiﬀness.
In this idealized respect the governing equation (4.4) becomes P/c = C which by virtue of (4.8) givesao
P
c
¼ a1 v þa2r2i  a3; ð4:11Þwhere
Fig. 3.
other
horizo
give a
betwee
Eq. (4.
then li
l = 0.3
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2
z
2 sin4 b
> 0; a1 ¼ lnR
2
o
R2i
þ R
2
i
R2o
 1 > 0;
a2 ¼ kz 1
R2i
 1
R2o
 
> 0; a3 ¼ kz
sin2 b
ðk2nat  k2z cos2 bÞ ln
R2o
R2i
:Thus (4.11) generates a straight line in the ðv; r2i Þ-plane with slope dr2i =d v
 ¼ a1=a2 < 0. Thus, in the absence
of matrix stiﬀness, swelling tends to constrict the inner tube radius ri. The line (4.11) intersects the r2i ¼ 0 axis at
v
 ¼ ða3cþ aoP Þ=ða1cÞ. Hence v ¼ ða3cþ aoP Þ=ða1cÞ represents the swelling value that closes the channel in the
hypothetical ﬁber-only treatment.4.3. Deformation response of the composite ﬁber-matrix tube
Now we return to the general case in which both ﬁber and matrix are present, i.e. c > 0, l > 0. In this case
the relation between v

, P and r2i embodied in (4.4) can be obtained numerically. To this end, some care must be
taken to avoid non-physical root branches corresponding to negative r2i . Fig. 3 shows a variety of curves in the
ðv; r2i Þ-plane, all of which are associated with the same P, b, knat, kz, Ri, Ro. The curves are distinguished from
each other by diﬀerent values of l and c, however the sum l + c is taken to be the same for all of the curves in
Fig. 3. Speciﬁcally, P = 0.1(l + c) = 0.1 in Fig. 3. The common value of l + c causes all of the curves to pass
through a common point given byðv; r2i Þ ¼
aoP þ a3ðlþ cÞ
ðlþ cÞða1 þ a2k^Þ
ð1; k^Þ ð4:12ÞGraphs of r2i as a function of v

for six values of l and c = 1  l, namely: l = 0,0.2,0.4,0.6,0.8,1 when P = 0.1(l + c) = 0.1. The
parameters are Ri = 1, Ro = 4, kz = 1, knat = 1 and b = p/6. The line segment with negative slope corresponds to l = 0. The
ntal axis intercept of this line segment is at ðv; r2i Þ ¼ ð1:94682; 0Þ corresponding to a completely closed channel at positive v

. All l > 0
channel that remains open for positive v

. The line with positive slope corresponds to l = 1. The remaining curves are ordered with l
n these two limiting cases. All curves pass through a common point: ðv; r2i Þ ¼ ð1:240; 1:384Þ as given by Eq. (4.12). It follows from
18) that r2i ! 0 as v
 ! 0 if lP 0.258 as shown by the four curves for: l = 0.4,0.6,0.8,1. Using Eq. (4.14) one ﬁnds that if l = 0.388
m
v
!1r
2
i ¼ 1:384 which is the ordinate of the common intersection point. Thus for example, the value l = 0.4, which is close to
88, shows little variation in the channel radius over a vast range of swelling. The enlarged view is for v
 2 ½0; 1:3.
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lþ c ¼
1
2k2z
R2i
k^
 kzR
2
o
kzk^ þ ðR2o  R2i Þ
 !
þ 1
2kz
ln 1þ ðR
2
o  R2i Þ
kzk^
 
 1
kz
ln
Ro
Ri
: ð4:13ÞTo the right of this common point, numerical calculation indicates that the various curves are bounded above
by the matrix-only curve and bounded below by the ﬁber-only curve. A converse bounding holds to the left of
the common point: ﬁber-only bounds above and matrix-only bounds below. While these bounding curves are
respectively monotonically decreasing and increasing as a function of v

, the curves for l > 0, c > 0 are gener-
ally not monotone. The curves are however ordered with respect to l/c, with an interchange of ordering at the
common point (4.12).
As v
 ! 1 it is found that r2i asymptotes to the ﬁnite limiting valuelim
v
!1
r2i ¼
lR2i
4ca1 sin
4 b
; ð4:14Þwhich, it is to be noted, is independent of P, kz and knat. Of particular interest is the fact that certain of these
swelling curves are remarkably ﬂat, for example there will in general be a particular ratio l/c such that the
asymptotic r2i in (4.14) matches the common point r
2
i in (4.12). In Fig. 3 this would be given by l/
c = 0.634986. For such a parameter value, the tendency of the ﬁbers to diminish ri upon swelling is not only
opposed by the tendency of the matrix to expand ri, but these competing tendencies essentially balance each
other everywhere to the right of the common point (4.12). One can certainly envisage that the maintenance of
a constant channel radius over a vast range of swelling might be extremely useful in a variety of settings,
including biological organs.
Values 0 < v

< 1 correspond to volume loss and will be referred to as deswelling. The behavior as v
 ! 0 is
of interest as an organizing principle for the study of extreme deswelling. Recall that the ﬁber only case with
v
 ! 0 resulted in an open tube, but that the matrix only case in this same limit gives tube closure. Both the
open case and the closed case can occur for the composite tube, as determined by l, c and P. To see this
assume ﬁrst that the tube remains open. It then follows from (4.7), (4.8) that the limiting value of ri as
v
 ! 0 is governed by the following terms in a slightly rearranged Eq. (4.4):P þ l
kz
ln
Ro
Ri
þ 2c
kz
ðk2z cos2 b k2natÞ sin2 b ln
R2o
R2i
¼ 2cr
2
i
kz
sin4 b
1
R2o
 1
R2i
 
; ðv ! 0; ri > 0Þ: ð4:15ÞHence the value of r2i as v
 ! 0 is given bylim
v
! 0
r2i ¼
kz
2 sin4 b
R2oR
2
i
R2o  R2i
P
c
 l
2ckz
þ 2
kz
ðk2z cos2 b k2natÞ sin2 b
 
ln
R2o
R2i
 
> 0; ð4:16Þand the condition for the inequality to hold in (4.16) is thatl <
kz
ao
ðaoP þ a3cÞ
lnðRo=RiÞ : ð4:17ÞIf (4.17) does not hold then the tube does not remain open as v
 ! 0. In the caselP
kz
ao
ðaoP þ a3cÞ
lnðRo=RiÞ ; ð4:18Þthe dominant balance for (4.4) as v
 ! 0 requires ri ! 0 and so is no longer given by (4.15). Instead the dom-
inant balance consists of (4.15) with the right hand side replaced byl v

2k2z
R2i
r2i
 kzR
2
o
kzr2i þ v
ðR2o  R2i Þ
 !
þ l
2kz
ln 1þ v
ðR2o  R2i Þ
kzr2i
 !
:One then ﬁnds that
Fig. 4
l = 0,
shown
commo
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 þoðvÞ as v ! 0;where k is the solution to P
l
þ 2c
lkz
ðk2z cos2 b k2natÞ sin2 b ln
R2o
R2i
¼ 1
2k2z
R2i
k
 kzR
2
o
kzk þ ðR2o  R2i Þ
 
þ 1
2kz
ln 1þ ðR
2
o  R2i Þ
kzk
 
 1
kz
ln
Ro
Ri
:Note that k ! k, the root of (4.10), as c! 0, thus retrieving the previously discussed matrix-only solution.
Fig. 4 is similar to Fig. 3 and uses the same values for b, knat, kz, Ri, Ro. The diﬀerence is that whereas
P = 0.1(l + c) in Fig. 3, now P = 0 in Fig. 4. As anticipated, the larger P of Fig. 3 gives a larger ri at ﬁxed
l, c, and ﬁxed ﬁnite nonzero v

, even though the asymptote (4.14) is independent of P.
We again observe that, as in Fig. 3, some of the curves in Fig. 4 give remarkably ﬂat response to the right of
the common intersection point. Speciﬁcally, in Figs. 3 and 4 the respective parameter ratios l/c = 0.634986
and 0.458772 would generate the curve whose asymptotic ri given by (4.14) matches the ri at the common inter-
section point given by (4.12). As one might expect, the particular stiﬀness ratios l/c that give relatively con-
stant channel opening for a wide range of v

are dependent on internal pressurization P.
The curves in Figs. 3 and 4, each of which represents diﬀerent material moduli, provide a useful graphical
organizing principle for considering the eﬀect of diﬀerent matrix to ﬁber relative stiﬀness. Let us now ﬁx this
relative stiﬀness so as to consider the response of varying P, v

and kz. Fig. 5, in which each curve now corre-
sponds to a diﬀerent P, shows a variety of curves in the ðv; r2i Þ-plane for the same l, c, b, knat, kz, Ri, Ro. The
response curves corresponding to large P are not monotonic. The large v

asymptote is the same for all of these
curves (viz. (4.14)), which again underscores the possibility of relatively constant channel width as v

varies.
Fig. 6 shows the eﬀect of diﬀerent kz, all other parameter values being the same as in Fig. 5. As anticipated,
at the same v

the tube with the greater axial stretch (larger kz) has a narrower internal channel (smaller ri).. Analogous curves to those in Fig. 3 for the case P = 0. All other parameters remain the same including c = 1  l with
0.2,0.4,0.6,0.8,1. The common point given by Eq. (4.12) is now ðv; r2i Þ ¼ ð1; 1Þ. It is now the case that r2i ! 0 as v
 ! 0 if lP 0.2 as
by the ﬁve curves for: l = 0.2,0.4,0.6,0.8,1. It is also now the case that l = 0.314 gives lim
v
!1r
2
i ¼ 1 which is the ordinate of the
n intersection point. Thus l = 0.2 and l = 0.4 seem to show the least variation in channel radius for large v

.
Fig. 5. Graphs of r2i as a function of v

for six values of P, namely P = 0,0.1,0.2,0.3,0.4,0.5 when Ri = 1, Ro = 4, kz = 1, knat = 1, b = p/6,
l = 0.4 and c = 1  l. The lower curve corresponds to P = 0 and the top curve corresponds to P = 0.5. The remaining curves are ordered
with increasing P between these two cases. As v
 ! 1 it follows from Eq. (4.14) that r2i ! 1:453 for all six curves. Note also that r2i ! 0 as
v
 ! 0 except for the cases P = 0.4 and P = 0.5. The stars represent points at which Faxial = 0 where Faxial is ﬁrst deﬁned in (4.20). Since
kz = 1 and knat = 1 it is not surprising that one star point occurs on the P = 0 curve at v
 ¼ 1. The top two curves each contain one star
point, with Faxial > 0 to the left of this point and Faxial < 0 to the right of this point. The bottom four curves each contain two star points.
For these curves Faxial > 0 between the stars and Faxial 6 0 otherwise. Part of the graph is enlarged when v
 2 ½0; 0:4.
4020 H. Demirkoparan, T.J. Pence / International Journal of Solids and Structures 44 (2007) 4009–4029All of the Figs. 3–6 have taken knat = 1 corresponding to ﬁbers that are at their natural length in the ref-
erence conﬁguration. Fig. 7 returns to the issue of material variation by displaying the eﬀect of diﬀerent ﬁber
natural lengths in the reference conﬁguration. This is embodied in the stretch knat needed to attain the natural
length. A prestretched ﬁber in the reference conﬁguration corresponds to knat < 1 (ﬁber contraction then being
necessary to attain the natural length). A ﬁber that requires elongation to attain its natural length (perhaps by
matrix swelling) corresponds to knat > 1. Fig. 7 provides, in addition to the case knat = 1, one case of a pre-
stretched ﬁber in the reference conﬁguration and ﬁve cases of a ﬁber that ﬁrst achieves its natural length after
some elongation. All of the other parameter values are the same as in Fig. 5. As anticipated, at the same v

a
tube containing relatively greater ﬁber prestretch (smaller knat) has a narrower internal channel (smaller ri).4.4. Stress distribution in the composite ﬁber-matrix tube
The principal stresses associated with the solutions obtained in Section 4.3 are, by virtue of (2.12), (3.9),
provided byrrr ¼ p þ l v

R2
k2z r2
;
rhh ¼ p þ lr
2
v

R2
þ 4cr
2
v

R2
k2z cos
2 bþ r
2
R2
sin2 b k2nat
 
sin2 b;
rzz ¼ p þ l
v
 k
2
z þ
4c
v
 k
2
z k
2
z cos
2 bþ r
2
R2
sin2 b k2nat
 
cos2 b
ð4:19Þwith r = r(R) given by (4.1) and p following from (3.16). Speciﬁcally,
Fig. 6. Graphs of r2i as a function of v

for ﬁve values of kz: kz = 0.5,0.85,1.0,1.155,1.5 when Ri = 1, Ro = 4, knat = 1, b = p/6, P = 0.1,
l = 0.4 and c = 1  l. The lowermost curve corresponds to kz = 1.5 and the topmost curve corresponds to kz = 0.5. The remaining curves
are ordered with increasing kz between these two cases. The signiﬁcance of 1:155 ¼ 2=
ﬃﬃﬃ
3
p
is that it makes a3 = 0 but, as indicated by the
corresponding graph, there appears to be no other special signiﬁcance associated with this value. All ﬁve curves give r2i ! 1:453 as v
 ! 1.
The stars again represent points at which Faxial = 0. The two curves for kz = 0.5 and kz = 0.85 involve Faxial < 0. The curve for kz = 1 is the
same as in Fig. 5 and so involves Faxial > 0 between the stars. The curve for kz = 1.155 has Faxial < 0 to the right of the star. The curve for
kz = 1.5 has Faxial > 0 for the displayed values of v

although there is a star point on this curve oﬀ of the display at v
 ¼ 16:321. Thus all cases
require compressive Faxial for suﬃciently large swelling.
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
2k2z
R2i
r2i
þ kzR
2
kzr2i þ v
ðR2  R2i Þ
 !
þ l
2kz
ln 1þ v
ðR2  R2i Þ
kzr2i
 !
 l
kz
ln
R
Ri
 2c
kz
ðk2z cos2 b
þ ðv =kzÞ sin2 b k2natÞ sin2 b ln
R2
R2i
þ 2c
kz
r2i 
v

R2i
kz
 !
sin4 b
1
R2
 1
R2i
 
:Figs. 8–10 show the respective stress distributions rrr, rhh and rzz as a function of R, with each ﬁgure display-
ing three cases: no swelling (v
 ¼ 1), swelling (v ¼ 1:5) and deswelling (v ¼ 0:5).
Of particular interest is the radial dependence of the hoop stress rhh. Here it is of interest to temporarily
recall the simpler case of an isotropic nonlinearly elastic tube under internal pressure P in the absence of swell-
ing, such as a conventional neo-Hookean tube. For a conventional neo-Hookean tube under internal pressur-
ization the hoop stress is everywhere positive with maximum rhh at ri. For the ﬁber reinforced model under
consideration here, Fig. 9 shows that this behavior persists in the absence of swelling (v
 ¼ 1), and is accentu-
ated for the deswelling case v
 ¼ 0:5. However swelling can alter this behavior and, as shown by the case
v
 ¼ 1:5 in Fig. 9, can lead to compressive rhh at the inner radius, a result which could have potential beneﬁt
with respect to failure prevention. It is to be noted that potentially beneﬁcial alteration to the stress ﬁelds in
boundary value problems for ﬁber reinforced tubes, albeit in the absence of swelling, can also be achieved by
prestressing (viz. Zidi et al., 1999; Zidi and Cheref, 2002).
It is of interest to examine the resultant axial forceF axial ¼ 2p
Z ro
ri
rzzrdr ¼ 2p v

kz
Z Ro
Ri
rzzRdR: ð4:20Þ
Fig. 7. Graphs of r2i as a function of v

for seven values of knat: knat = 0.5,1,1.1,1.2,1.3,1.4,1.5 when Ri = 1, Ro = 4, kz = 1, b = p/6,
P = 0.1, l = 0.4 and c = 1  l. The lowermost curve corresponds to knat = 0.5 and the topmost corresponds to knat = 1.5. The remaining
curves are ordered with knat between these two cases. All seven curves give r2i ! 1:453 as v
 ! 1. Stars represent Faxial = 0. Here Faxial < 0
for all v

> 0 on the top ﬁve curves. The curve for knat = 1, which also appeared in Figs. 5 and 6, involves Faxial > 0 between the stars. The
bottommost curve for knat = 0.5 has Faxial < 0 to the right of the star.
Fig. 8. Graphs of rrr(R) for three values of v

: v
 ¼ 0:5, v ¼ 1, v ¼ 1:5 when Ri = 1, Ro = 4, kz = 1, knat = 1, b = p/6, P = 0.1, l = 0.4 and
c = 1  l. The lowermost curve corresponds to v ¼ 1:5 and the topmost curve to v ¼ 0:5.
4022 H. Demirkoparan, T.J. Pence / International Journal of Solids and Structures 44 (2007) 4009–4029An analytical formula for Faxial is easily obtained, but in view of its cumbersome expression is not exhibited
here. It is, however, found that Faxial may be either compressive (negative) or tensile (positive) for the defor-
Fig. 9. Graphs of rhh(R) for three values of v

: v
 ¼ 0:5, v ¼ 1, v ¼ 1:5 when Ri = 1, Ro = 4, kz = 1, knat = 1, b = p/6, P = 0.1, l = 0.4 and
c = 1  l. The lowermost curve on the left corresponds to v ¼ 1:5 and the topmost curve on the left corresponds to v ¼ 0:5. Note that
swelling can give rise to compressive rhh on the tube inner wall.
Fig. 10. Graphs of rzz(R) for three values of v

: v
 ¼ 0:5, v ¼ 1, v ¼ 1:5 when Ri = 1, Ro = 4, kz = 1, knat = 1, b = p/6, P = 0.1, l = 0.4 and
c = 1  l. The lowermost curve on the left corresponds to v ¼ 1:5 and the topmost curve on the left corresponds to v ¼ 0:5.
H. Demirkoparan, T.J. Pence / International Journal of Solids and Structures 44 (2007) 4009–4029 4023mations studied in Section 4.3. In particular, as yet unremarked upon star points in Figs. 5–7 indicate graph-
ical locations associated with Faxial = 0. As is perhaps suggested by physical intuition, these ﬁgures indicate
that ﬁxing P and increasing v

will eventually require a compressive axial force to maintain the given value
of axial stretch kz. It is also to be noted that some of the curves in Fig. 5 contain two star points. For such
4024 H. Demirkoparan, T.J. Pence / International Journal of Solids and Structures 44 (2007) 4009–4029curves the region between the two star points corresponds to Faxial > 0 indicating that Faxial < 0 not only holds
at extreme swelling, but is also in force at extreme deswelling.
5. Uniform swelling at ﬁxed axial force for the same material model
We may also consider the case where Faxial is imposed in place of kz. Once again v

is taken to be spatially
uniform and the material model is taken to be given by (2.10) and (2.11) with spatially uniform l, c, b, kf. Now
both ri and kz are to be determined so as to satisfy both (4.4) and the prescribed value of Faxial. The resulting
system of two equations and two unknowns motivates us to pursue a purely numerical treatment. The com-
putational results obtained are similar to those given in Section 4 for the simpler case wherein kz is speciﬁed.
Fig. 11 is the analogue of Fig. 5 where the condition Faxial = 0 replaces the condition kz = 1, so that now kz
is free. The stars in Fig. 11 now represent points at which kz = 1. Thus each star point in Figs. 5 and 11
involves both kz = 1 and Faxial = 0. Hence corresponding curve star points are in one-to-one correspondence
[i.e. have the same ðv; r2i Þ coordinates]. Indeed, if Figs. 5 and 11 were to be graphed together then curves for the
same P would cross over each other at star points. Same P curves would not coincide away from the star
points. Speciﬁcally, for large v

(i. e. beyond the rightmost star) each Fig. 5 curve would be above the corre-
sponding Fig. 11 curve.
Fig. 12 is like Fig. 11 but shows kz instead of r2i . The curves are monotonic for swelling (v

> 1), but not for
deswelling (0 < v

< 1). For relatively smaller P this gives multiple crossings with the line kz = 1. All such
crossings correlate with the star points in Fig. 11.
The respective stress distributions rrr, rhh and rzz as a function of R for the case Faxial = 0 are qualitatively
similar to those in Figs. 8–10 for the previously considered case kz = 1. Once again, swelling can generate com-
pressive hoop stress at the inner wall.Fig. 11. Analogue of Fig. 5 the diﬀerence being that now Faxial = 0 is prescribed (instead of kz = 1). Hence the six curves are again for
P = 0,0.1,0.2,0.3,0.4,0.5 with Ri = 1, Ro = 4, knat = 1, b = p/6, l = 0.4 and c = 1  l. The lower curve corresponds to P = 0 and the top
curve corresponds to P = 0.5. Now the stars represent points at which kz = 1. The two topmost curves contain one star and the remaining
four curves contain two stars. The value of (kz  1) changes sign upon crossing a star. On all curves it is the case that kz > 1 beyond the
rightmost star. The similarity to the Fig. 5 graphs is evident.
Fig. 12. Companion graph to Fig. 11 showing kz as a function of v

for Faxial = 0 at the same parameter values. The lower curve
corresponds to P = 0.5 and the top curve corresponds to P = 0. Part of the graph is enlarged when v
 2 ½0; 2:3. Note for the four curves
corresponding to P = 0,0.1,0.2,0.3 that there are two points on each curve at which kz = 1. Whereas for P = 0.4 and P = 0.5 there is only
one point on the curve at which kz = 1.
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The developments presented in Sections 4 and 5 focussed on particular material models, raising the ques-
tion as to whether similar results are obtained for diﬀerent strain energy density functions. While this question
will not be considered in any detail here, certain general remarks are in order. To begin, it would be useful to
determine whether the constriction property in the hypothetical ﬁber-only treatment, evident in the l = 0
curves of Figs. 3 and 4, is a general phenomena or whether it depends on the particular form (2.10). The inter-
est in this issue stems from the fact that such closure via swelling allowed for the type of balance that permitted
the relatively ﬂat swelling responses evident in certain of the curves in Figs. 3 and 4. For general Uf(I4) in the
ﬁber-only treatment we note that the slope in the ðv; r2i Þ-plane of each ﬁxed P curve will bedr2i
d v
 ¼ 
oC
o v

oC
or2i
¼ 
R Ro
Ri
U00f ðI4Þ oI4o v
dR
RR Ro
Ri
U00f ðI4Þ oI4or2i
dR
R
¼ 
R Ro
Ri
U00f ðI4Þð1 R
2
i
R2
Þ dRR
kz
R Ro
Ri
U00f ðI4Þ dRR3
:For the particular form (2.10) it follows that U00(I4) = c and the expression easily evaluates to the previously
stated result dr2i =d v
 ¼ a1=a2. It is to be noted more generally that U00(I4) > 0 is suﬃcient to ensure that
dr2i =d v

< 0 under the above conditions appropriate to the hypothetical ﬁber-only treatment.
For example, recently Guo et al. (2006a) have provided a detailed study of a material model for ﬁber rein-
forcing that, in the present context, would be associated with the following formUfðI4Þ ¼ 2c
3
I4
k2nat
þ 2 knatﬃﬃﬃﬃ
I4
p  3
 !
: ð6:1ÞThe connection of forms like (6.1) to biological tissue modeling is explored in Guo et al. (2006b). For (6.1) it
follows that U00ðI4Þ ¼ ckf=I5=24 > 0 and hence dr2i =d v

< 0 in a hypothetical ﬁber-only treatment. In a ﬁber-ma-
trix treatment with Um again given by the Treloar form (2.11) it follows that the governing equation for ri is
again given by (4.4), (4.7) provided C, as previously given by (4.8), is replaced by a revised expression appro-
4026 H. Demirkoparan, T.J. Pence / International Journal of Solids and Structures 44 (2007) 4009–4029priate to (6.1). The expression for the revised C following from (6.1) can be obtained analytically, but is not
displayed here in view of its cumbersome nature. Fig. 13 is the analogue of Fig. 3 under the replacement of
(2.10) by (6.1). It is observed that many qualitative features are retained under this replacement, among them:
the intersection of the l = 0 curve with the horizontal axis at a particular v

> 0, the common intersection point
in the middle of the diagram, and an extreme deswelling response that may or may not involve ri ! 0 as v ! 0
depending on the value of l. One notable diﬀerence however is that the large v

asymptote is no longer ﬁnite,
instead we ﬁnd that l > 0 implies ri !1 as v ! 1.
As a completely diﬀerent example, consider a reinforcing energy for the M ﬁbers that depends solely on I5
rather than I4. To maintain symmetry, the reinforcing energy for the M ﬁbers is taken to depend solely on I7 in
a corresponding way, that isFig. 13
emplo
param
ri !1W ¼ UmðI1; vÞ þ UfðI5Þ þ UfðI7Þ: ð6:2Þ
The Cauchy stress tensor for (6.2) isr ¼ pIþ 2
v

oUm
oI1
Bþ 2
v

oUf
oI5
ðFM BFMþ BFM FMÞ þ 2
v

oUf
oI7
ðF M BF Mþ BF M F MÞ: ð6:3ÞWe again consider symmetrically disposed ﬁbers (3.1) whereupon deformation (3.3) givesI5 ¼ I7 ¼ k4z cos2 bþ
r4
R4
sin2 b: ð6:4ÞUnder constant swelling v

we again have (4.1) and one ﬁnds that (6.4) givesI5 ¼ k4z cos2 bþ
v
2
k2z
sin2 bþ 2 v

kz
r2i 
v

R2i
kz
 !
sin2 b
R2
þ r2i 
v

R2i
kz
 !2
sin2 b
R4
: ð6:5Þ. Graphs of r2i as a function of v

for Um given by (2.11) and Uf given by (6.1). All parameters are analogous to those in Fig. 3 (which
yed a diﬀerent Uf). Hence c = 1  l, P = 0.1(l + c) = 0.1 and the six curves correspond to: l = 0, 0.2,0.4,0.6,0.8,1. The other
eters are therefore Ri = 1, Ro = 4, kz = 1, knat = 1 and b = p/6. Many features are similar to those in Fig. 3, however now l > 0 gives
as v
 ! 1.
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Figs. 3
l = 0,0
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ð6:6ÞOne again obtains (3.15). In conjunction with (6.6) and boundary conditions (3.2) this givesP ¼
Z Ro
Ri
2v
2R3
k3z r
4
 2
kzR
 !
U0mðI1; v
Þ  8r
2
kzR3
U0fðI5Þ sin2 b
 !
dR ð6:7Þin place of (3.17). The hypothetical ﬁber-only treatment again corresponds to neglecting Um whereupondr2i
d v
 ¼ 
R Ro
Ri
o
o v
 ðr2U0fðI5ÞÞ dRR3R Ro
Ri
o
or2i
ðr2U0fðI5ÞÞ dRR3
¼ 
R Ro
Ri
ðU0fðI5Þ þ ð2 r
4
R4
sin2 bÞU00f ðI5ÞÞð1 R
2
i
R2
Þ dRR
kz
R Ro
Ri
ðU0fðI5Þ þ ð2 r4R4 sin2 bÞU00f ðI5ÞÞ dRR3
;using the above expressions for the dependence of r4 and I5 on R. In particular, it is no longer so obvious how
standard conditions on Uf permit conclusions as to the sign of this quantity.
The mechanical response for W = Um(I1) + Uf(I5) in conventional hyperelasticity (i.e. no consideration of
swelling) is discussed in Merodio and Ogden (2005). In particular, Merodio and Ogden consider the homoge-
neous deformation behavior with neo-Hookean Um(I1) and Uf(I5) = c(I5  1)2/2 so that Uf(I5) is analogous to
the standard reinforcing with I4 replaced by I5. For the swelling of a ﬁber reinforced tube, wherein the ﬁbers. Graphs of r2i as a function of v

for Um given by (2.11) and Uf given by (6.8). All parameters are otherwise analogous to those in
and 13 (each of which employed a diﬀerent Uf). Hence c = 1  l, P = 0.1(l + c) = 0.1 and the six curves correspond to:
.2,0.4,0.6,0.8,1. The other parameters are therefore Ri = 1, Ro = 4, kz = 1, knat = 1 and b = p/6. Many features are similar to those
. 3 and 13, however now l > 0 gives ri ! 0 as v ! 1.
4028 H. Demirkoparan, T.J. Pence / International Journal of Solids and Structures 44 (2007) 4009–4029may not be at their natural length in the reference conﬁguration, this motivates the consideration of the func-
tional formUfðI5Þ ¼ 1
2
cðI5  k2natÞ2: ð6:8ÞA ﬁber-matrix treatment with Um given by the Treloar form (2.11) and Uf given by (6.8) gives analytical
expression to the governing equation (6.7). As in previous examples we do not display this result due to its
cumbersome nature. Fig. 14 is the analogue of Figs. 3 and 13 under this revised Uf as determined by numerical
computation. We may again observe the swelling shut of the l = 0 curve at v

> 0, the interior point of com-
mon curve intersection, and the possibility of channel closure in extreme deswelling. For this material it is ob-
served that the large v

asymptote is neither inﬁnity (as in Fig. 13) nor is it a nonzero ﬁnite value (as in Fig. 3),
instead we ﬁnd that l > 0 implies ri ! 0 as v ! 1.7. Concluding remarks
In this paper we have augmented recent nonlinear elastic models for swelling so as to incorporate the eﬀect
of ﬁber reinforcement, thus rendering the material anisotropic. The swelling is here regarded as speciﬁed, and
the associated swelling ﬁeld determines the local volume at each point in the structure. The resulting treatment
is analogous to the incompressible theory of ﬁnite deformation elasticity. Speciﬁcally, the model involves sep-
arate eﬀects of a swellable matrix containing ﬁbers which themselves do not naturally elongate under swelling.
When swelling is present, the tendency of the matrix to uniformly expand is modiﬁed by the tendency of the
ﬁbers to preserve their natural length. Such a competition would be expected to govern the basic features of
the mechanical response for a variety of structures and deformations, as demonstrated here in the context of
internally pressurized tubes.
For the tube geometry, swelling tends to expand the matrix in the absence of ﬁbers. In contrast, the
tendency of the ﬁbers is to constrict the matrix under volume increase, as this allows the ﬁbers to remain
closer to their natural length. Balancing these tendencies in the constitutive response can lead to an inter-
nal channel opening that remains relatively constant over a wide range of swelling. This is shown for the
matrix energy density (2.11), which is motivated by the conventional neo-Hookean model, augmented by a
variety of relatively straightforward ﬁber-reinforcing energy densities as given by (2.10), (6.1) or (6.8). Fur-
ther, swelling may also cause the inner wall hoop stress rhh to become compressive, rather than tensile as
would typically prevail for internally pressurized tubes in the absence of swelling and ﬁber reinforcement.
Both eﬀects, that of relatively constant inner channel size and that of compressive hoop stress on the inner
channel surface, may be advantageous in certain settings. This includes channels in biological organs
wherein certain, perhaps moderate, ranges of swelling are the norm. More extreme swelling may not be
unusual in cases of inﬂammation.
Although the models considered here are relatively simple, they do hint at the richness of behavior that
might be expected to obtain under more detailed modeling. More detailed models would also naturally
treat spatial variation in material properties. In the context of the tube geometry investigated here, this
would likely include radial variation of the form: l(R), c(R), knat(R) and b(R). Such radial variation in
material properties, which is well known for example in blood vessels (Holzapfel et al., 2000; Humphrey,
2002), might allow for more precise control of stress and channel opening over speciﬁc ranges of swelling
and pressure.Acknowledgement
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